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A bit of history -  
 Hipparcus, while trying to model the orbits, took the help of spirals. The reason 
he could do it was - spirals can model anything. 
 
Properties of spirals - 

1. They are linear and time invariant. 
2. Any signal can be modeled using them. 
3. They are orthogonal to each other. 

 
Linear  systems are important because of apparently a circular  reason - 
 Since they are easy to analyze, we try to find many applications that are linear. 
Similarly, because there are many applications, the theory is so important. 
 
The “ differentiator”  - 

The Discrete domain has a “Delay”  operator. The Analog domain doesn’ t, 
because it is hard to define “unit time”. Thus, we have the “differentiator”  in Analog 
domain. The frequency response is y=w, where w is the angular frequency of the 
signal (we call it D1). 
 
Why we analyze the differentiator  - 

The differentiator itself is a linear system. Also, the derivative of x(t) is always 90 
degrees leading to the x(t) in phase, and the magnitude is proportional to the 
magnitude of the angular velocity of x(t). 
 
The problem - 
 The differentiator loses D.C. So, to get some output at low frequencies, we use 
x(t)+x’ (t).(we call it D2) The corresponding curve is y=sqrt(1+w2). Till corner 
frequency wc=1, the factor 1 dominates, after that w2 dominates. This curve 
asymptotically becomes x’ (t). 
 
The inverse - 
 The inverse of the differentiator is the integrator, with curve y=1/w. (rectangular 
hyperbola, and we call it I1), and that of the system x(t)+x’ (t) is the curve y = 
1/sqrt(1+w2), which asymptotically meets the x-axis and the integrator I1. The corner 
frequency is still 1. This is nothing but First order low pass butterworth filter (we call 
it I2). 
 
How to use the prototypes – 

To construct, 
HPF - Cascade 1st order LP butterworth filter(I2) & the differentiator D1. 
Second order  Low pass butterworth filter  - Add one more differentiator 

to D2, to get the output as x(t)+x’ (t)+x’ ’ (t).  
Higher order  filters  - Cascade suitable low order filters. 
Band pass filter  - Cascade an HPF and an LPF.  
Band reject filter  - Cascade an LPF and an HPF.  
Notch filter  - Cascade an HPF and an LPF with the cut off frequencies 

close to each other. 
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FIR Filter Design 
Steps involved in FIR Design: 

1. Decide the required response in frequency domain with zero phase. 
2. By IDTFT find out the signal in time domain considering zero phase in frequency 

domain. The IDTFT operation can be viewed as calculating Fourier Coefficients 
of the signal in frequency domain. This is DUALITY OF FOURIER ANALYSIS. 

3. The time domain signal is the filter kernel (impulse response). Do convolution to 
get output. As the impulse response is infinite and non causal, it cannot be used 
directly. 

4. Multiply it by a window function to make it finite. This spreads out the response 
in the frequency domain and causes ringing. (Duality of Fourier Transform- 
Multiplication in time is convolution in frequency) 

5. To make it causal delay the time response by ‘k’  samples. The frequency response 
gets a phase lag of   ‘kw’  where ‘w’  is the frequency of spiral. Hence the filters 
are linear phase. 

6. For symmetric impulse responses (even responses), the imaginary parts of the 
spirals exactly cancel out giving only a real frequency response. For anti 
symmetric impulse responses (odd responses), the real parts exactly cancel each 
other giving only imaginary frequency response or equivalently a phase shift of 
90o  

Window Functions: 
 There are many window functions used to optimize the impulse response and 
reduce ringing in the frequency response of the filter. The tradeoffs are the transition 
band width and the stop band responses.  
 

IIR Filter Design 
Why IIR Filters? 

1. Easier to implement (lesser coefficients) 
2. Effective usage of advanced analog filter design theory 

Steps in Design (Bilinear Transform ): 
 In Digital IIR filters, analog filters are imitated by use of different techniques. To 
do that we first model the analog “Differentiator”  as digital filters. 

1. The most basic model in the differencer. The differencer gives a phase 
difference of (90o – w/2) instead of the usual 90 o for each spiral of ‘w’  
frequency.  

2. To get the exact differentiator use the corrected derivative of the previous 
sample of the same spiral. The sum of the error with present value leads to 
exact output phase of 90 o as needed. This is modeled using an auto regressive 
filter in cascade with the differencer  

3. But, the magnitude of such a cascade would imitate a differentiator of 
different analog frequency. The entire analog frequency range from -� to � is 
translated to digital frequency domain -� to + �.  

4. This is called frequency warping. The lower frequencies are not affected much 
but the higher frequencies are transformed by the warping function. 

5. Thus each differentiator in an analog filter can be replaced with this cascaded 
filter and the entire filter can then be simplified to get the final filter. 
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 The model for Differentiator (Bilinear Transform) 
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Electric Circuits: 
 
To explain the functioning of electronic components like resistors, inductors, capacitors and to 

elaborate allied concepts such as KVL, KCL, voltage, current, potential difference, impedance, etc., a story 
of “spiritual tourists seeking happiness”  is considered. 

The plot of the story is that basically, cities have a certain population and a city’s sadness is 
directly proportional to its population. So, when two cities of different populations are connected by a road, 
migration takes place so that both cities balance their populations and attain a stable equilibrium balancing 
out their happiness. If some hardness ‘H’  is associated with this connecting road then the rate of migration 
‘M’  from city 1 to city 2 can be given as 
 
 M = (P1 – P2) / H     ... (i) 
 
Where, 
 
P1 = population of city1 
P2 = population of city 2 
 
This M is nothing but the rate of change of population  
 
M = dP2 / dt = -dP1/dt 
 
Solving the differential equation, 
 
(dP2/dt – dP1/dt) / 2 = (P1 – P2) / H 
 
d/dt (P1 – P2) = -2(P1 – P2) / H 
 
P1 – P2 = e -2t/H  ... compound interest compounded instantaneously at rate -2/H 
 
Considering the initial conditions, 
 
P1 – P2 = (P1(0) – P2(0)) e -2t/H 

 

 

 
 
 
Lesser the hardness, faster would be the drop of the above curve! 
 

1/e 

H/2 time 

Population 
difference 
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 Thus, the cities represent the nodes in a circuit with a certain potential (population); migration of 
population is analogous to the flow of charge i.e. current, hardness of the path is analogous to the resistance 
offered by the conducting medium and equation (i) is the equivalent for the Ohm’s Law. 
 
Resistors: 
 

  
 
G � Constant rate at which “God”  moves the population from city 2 to city 1 
 

As G is constant, city 1 will get sadder and city 2 will get happier. But as a result of this, the 
migration rate M from city 1 to city 2 will also increase. Thus, the system will stabilize when this rate of 
migration balances G (and that happens at infinite time). Till then, G dominates the migration rate M and 
city 1 continues getting sadder!  

Stable equilibrium is reached when G = M  
 
i.e. (V1 – V2) / H = G 
 
Thus, the stability criterion that “ the number of people coming in should be equal to the number of 

people going out”  is analogous to ‘Kirchhoff’s Current Law’. 
 

G 

M 

H 

V1 

V2 
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Actually, the sadness of a place is not proportional to its population but to its population density. 

The nodes that we consider in the networks are nothing but capacitors with area = 0; they cannot 
accumulate any charge! The incoming and outgoing rates need to be balanced instantaneously. This implies 
a value of the RC time constant that is so small that the curve M tracks curve G instantaneously! 

 
Now,  
 
Power = Energy God spends every year 
 
           = G (V1-V2) 
 
Instantaneously, V1 – V2 becomes equal to G.H 
 
So, 
 
Power = G2H 
 

� Consider Kirchhoff’s Voltage Law which states that the potential difference balances around a loop. 
The absolute potential is not considered here (the appropriate analogy being that “ there exists no 
such thing as perfect happiness” ) 

� When 2 nodes are connected in series, the effective “hardness”  (resistance) id the sum of the 
individual hardness associated with each path. 

� Similarly, for a parallel connection, their “easiness”  (conducatance) adds up! 
 
 
Inductors: 
 
- As we saw earlier that hardness is equivalent to the resistance, similarly we use “hype”  to derive analogy 
with the inductor! 
- Basically, an inductor opposes change in current. 
 
 

G 

M 

time 

Fig: M asymptotically tracking G 
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i 

PD= v 

v 

i 

As v across the nodes decreases, 
slope of curve i (rate of rate) also 
decreases. 
 
di/dt = v/L 

i 

- To maintain a constant ‘ i ’  
across the nodes of the inductor, 
the potential difference across 
the nodes should be zero. 
 
- This circuit can be used as a 
differentiator. 
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v 

- To maintain a constant ‘v ’  
across the nodes of the inductor, 
the current should increase 
linearly. 
 
- This circuit can be used as an 
integrator as area under the ‘v’  
curve is nothing but the final 
value of rate of migration 
(current). 

v 

i 

i 

v 
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Capacitors: 
 

- Capacitors are analogous to twin cities with a finite area. 
- The term “ finite area”  implies that they can actually accumulate the electrons 
- Together (twin cities) they balance the incoming and outgoing rates. 

 

 
 
 
  
 
 
 
 
 
 
 
 
 
 

i 

When we maintain a constant    
‘ i ’  across the nodes of the 
capacitor, the resulting circuit 
acts as an integrator. 
 
v = � i dt 

v

When we maintain a constant    
‘v ’  across the nodes of the 
capacitor, the resulting circuit 
acts as a differentiator. It results 
in an extreme current spike 
after which current stops. 
 
i = dv/dt 
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 Concluding, any network composed of these components, viz. resistors, inductors, and 
capacitors behaves like a Linear Time Invariant System. So, if we put a voltage spiral ‘v’  across any of 
these components, the components simply act as ‘scaling components’  (with a ‘complex’  scaling factor). 
 This scaling factor is nothing but the “ impedance”  which is real for a purely resistive circuit 
(R) and imaginary for inductors (jwL) and capacitors (1/jwC). 
 

 

v v v 
i 

i 

i 

(a) When ‘v’  is applied         
      across a resistor 

(b) When ‘v’  is applied         
      across an inductor 

(c) When ‘v’  is applied         
      across a capacitor 
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Output 

In 1 

In 2 

Output 

In 2 

Z1 

In 1 
Z2 

Introduction 
            A resistor network can be modeled by using simple linear equations. Further, a network 
of inductors and capacitors can be modeled into linear differential equations. These linear 
differential equations can be further modeled into blocks of differentiator and inverse 
differentiator, which are filter models. 
 
Interesting history  
 Oliver Heaviside discovered operational calculus a tool for solving linear differential 
equations with constant coefficients. It happens that the operational calculus is very similar to 
Laplace transform procedures.  
Operational calculus is about replacing the differential term by a variable (he replaced it by p) 
and then solving the equations applying normal rules of algebra. Whereas, the Laplace transform 
replaces one function F(t) of t by another f(s) of the new variable s by the rule: f(s) = �(0,�) e-s* t 

*F(t)*dt.  
An easy integration by parts gives the transform of the derivative of F(t):  

L[F'(t)] = s* f(s) - F(0). If we replace s by p, and F(0) = 0, we recover Heaviside’s expression.  
 

OP AMPS 
 Consider an ideal stick balancing Gorilla. So if we move the stick (provide stimulus to 
the stick) gorilla will move so as to balance the stick. If we attach any load to the gorilla, the 
gorilla will move the load in accordance with stimulus given to the stick. So important to note 
that all the power to move the load is supplied by the gorilla and not the input. Thus we have 
modeled an ideal linear amplifier.  
 To device a linear amplifier is difficult, transistors are non-linear. Instead we design an 
amplifier with feedback and gain very high so the resultant gain depends on the feedback factor. 
 Gain with feedback is given by A/(1+AB) where A is gain without feedback and B is 
feedback factor. If A is very high then resultant gain is 1/B.  
 So the op amp is differential input amplifier, which 
does the work to keep the two input terminals shorted(thus 
initially when there is some difference it drops the output 
so as to maintain the input terminal shorted). 
Virtual short – The op amp does as much work required to 
keep the two terminals short. Thus these two terminals are 
said to be virtually shorted. 
Operational range – It is the range between which the 
output may vary (max supply range). 
FAQ on op-amps – If the two terminals are at same potential then why there is an output? 
Answer – When the two terminals are shorted the short is with respect to the input voltages but 
actually there is some differential voltage(say k) that acts upon the amplifier and we get the 
output equal to k*A. 
 
One more way to explain in terms of electrons – If Z1 = Z2 = 1 ohm resistance then the op-amp 
drops the voltage at output to make the 
electrons flow through resistance Z2 and so 
as to keep the condition of virtual short and 
it would follow this even if there is some 
load at the output. Thus relating it to stick 
balancing gorilla op-amp takes the entire 
load and is power supplier.  
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Some common and popular circuits using op-amps are –  
1. Voltage Follower 
2. I to V and V to I converter 
3. Differentiator and integrator 

 
  Integrator       Differentiator   
    
 Vo(t) / Vin(t) = -1/jwRC    Vo(t) / Vin(t) = -jwRC 

 
So if we can model differentiator and inverse differentiator using op-amps then we can model 

any complex transfer function. Thus we can model filters using op-amps.  
 
Few points regarding op-amps having complex numbers in its transfer function.  

The complex number there involves the term jw it just means the transfer function at one 
particular frequency and for one particular spiral. But as we know that all these are LTI systems 
applying superposition we can find for the signal(decomposed into spirals). 
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Communication Systems 
 
 
Power delivered by a pure ac source: 
Consider a pure ac source driving any impedance. The sine wave can be 
decomposed into two rotating spirals (complex domain). Now, power delivered is 
 
Instantaneous power = iv = (v1+v2)(i1+i2)  
 
Where v1, v2 are the spirals moving in opposite directions(clockwise and anti 
clockwise) and i1 i2 are corresponding current. 
 
Average of V1i1 =0 = average of v2i2 therefore power is only due to v2i1 and 
v1i2 and as ‘� ’ i.e the frequency terms add on multiplication, here we will get non 
rotating spiral whose real resultant is  
 
Avg power = ½(VIcos

�
) 

 
 
Modulation Property 
 
Multiplication can also be thought as rotating a spiral of f1 by frequency f2 (think 
in time domain). 
When we multiply two spirals, the resultant spiral is of frequency f1+f2. (i.e in the 
fourier transform there is a shift in frequency). 
 
This property is used to solve the very big problem of practical impossibility of 
baseband transmission through EM waves. 
 
 
 
 
 
 
 
 
                                                                            
 
 
 
 
 
 
Big problem in practical transmissions in using the above scheme directly, is 
multiplication by complex spirals. Though we can transmit spirals through air, that 

ft 
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throws up some more problems like proper synchronization, and problems due to 
convolution caused by the environment. 
 
The solution is to use sine wave to modulate it instead of a spiral. Now the sine 
wave is composed of two spirals of f and –f so the waveform (in frequency 
domain) will be shifted by –f and +f.  i.e. (1<f1+1<-f1)(signal) 
 
At the receiver multiplication by the same sine will give the original back. But 
things are not so simple in the real world, it is practically impossible for a hand 
tuned receiver to match a frequency in one part in a million or better (even a 5 Hz 
shift will create problems (beats will be heard)). 
 
So we use a non linear method for demodulation. Rectify and then pass the 
signal through a LPF. Thus we will detect the envelope of the signal. Here there 
is problem that the modulating signal cannot go below zero so introduce a carrier 
term. Which will give us (1<f1+1<-f2)(1+signal). This is Amplitude modulation. 
 
 
Some problems in detecting and demodulating AM 
Now to reject adjacent channels, we will need tunable filters of very high roll of, 
which becomes impractical in the RF range. So we need to move the signal to an 
intermediate frequency (IF lesser than carrier frequency) so that filtering 
becomes easier. This can be done by multiplying received signal with sine wave 
of IF but there is a problem of image frequency interfering. 
 
 
        cadj      c                                              image           c       cadj          
 
  
 
 
                                                                                                                
                                
 
                                cadj  c+image                  
 
We can use HPF in the RF range but LPF are easier so we multiply the incoming 
signal with frequency greater than the incoming RF frequency. Now the positive 
frequency spectrum will get translated to negative frequency and we can do a 
simple LPF. 
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SSB 
 
In normal AM we have repetition of information and hence wastage of bandwidth 
(the transmitted signal is symmetric about carrier frequency) So we can filter out 
the redundant spectrum and at the receiver get the information back by 
multiplying with the carrier. (Here for speech signals even if the carrier is not 
perfectly matched it is okay as we will just get the signal a little squeakier but 
unlike pure AM, multiple frequencies will not be inferred for the same sound 
signal frequency). 
 
FM 
 
In FM we move the phasor faster or slower according to the input amplitude, i.e 
‘� ’ of the phasor is changing. Mathematically we can get back the signal by 
differentiating it and then passing through a LPF.  
 
 
 
 
 
 
 
 
 
 
 
 
 


